We discuss the stability of (charged) static black holes in higherdimensional spacetimes with and without cosmological constant by using gauge-invariant master equations of the Schrödinger equation type for black hole perturbations derived by the authors recently. In particular, we show that the stability of higher-dimensional Schwarzschild black holes can be proved with the help of a technique called S-deformation of the master equations. We also point out that higher-dimensional static black holes might be unstable only against scalar-type perturbations in the neutral case and in the charged case with spherically symmetric or flat horizons.
Introduction
The perturbation analysis of 4-dimensional black holes has a long history and has provided valuable information on various problems such as the fate of gravitational collapse, the stability and uniqueness of black holes, cosmic censorship, and gravitational wave emissions. From a technical point of view, the key point in this perturbation analysis was the fact that the perturbation equations can be reduced to a single 2nd-order ordinary differential equation (ODE) for a master variable Φ of the form
Recently, starting from a gauge-invariant formalism for perturbations of higher-dimensional spacetimes with spatial symmetry [1] , we showed that similar reduction to single master equations is also possible for perturbations of generalised static black holes with or without charge in higher dimensions [2, 3] . Further, using these master equations, we analysed the stability of such black holes [4, 3] .
In this talk, we explain the basic idea of this formulation and describe the results of the stability analysis of (charged) static black holes in higher dimensions.
Tensorial Decomposition of Perturbations 2.1 Unperturbed Background
We assume that the unperturbed background spacetime is locally written M D ≈ N 2 × K n and its metric has the form
where dσ 2 n = γij(z)dz i dz j is a metric of an n-dimensional complete Einstein space K n withRij = (n − 1)Kγij (K = 0, ±1), and g ab is a static metric of the 2-dimensional space N 2 expressed as
In this and the next section, we assume that this metric is a solution to the vacuum Einstein equations with cosmological constant Λ = n(n + 1)λ/2. Hence, f (r) is expressed as [5] 
When the spacetime contains a regular black hole, the space K n represents a spatial section of the horizon. For K = 1, K n is always compact from Meyers' theorem and for n ≤ 3, K n is locally isomorphic to S n . The spacetime contains a regular black hole if λM 2/(n−1) < (n − 1)/(n + 1) (n+1)/(n−1) . In contrast, for K = 0 or −1, K n may not be compact, and the spacetime contains a regular black hole only for λ < 0.
Perturbations
In terms of the perturbation variable ψµν = hµν −hgµν /2 with hµν = δgµν, the perturbed vacuum Einstein equations are written as
In order to analyse the behaviour of perturbations using this equation, we must solve two problems. First, this equation is invariant under the gauge transformation
In order to extract the dynamics of the physical degrees of freedom, this gauge freedom should be eliminated. Second, (5) is actually a set of coupled equations with (n+2)(n+3)/2 entries and is quite hard to analyse in general. For the special background (2), the second problem can be made tractable with the help of the following tensorial decomposition of hµν . First, according to the tensorial behaviour on K n , hµν can be divided into scalars h ab , vectors hai and a tensor hij . The vector and tensor components can be further decomposed as [6, 3] hai =Diha + h
T ij ;
whereDi is the covariant derivative with respect to the metric γij on K n and△ =D ·D. By this decomposition, we obtain the following three groups of variables:
• Scalar-type variables: h ab , ha, hL, h
T ij . The Einstein equations written in terms of these variables are divided into three subsets each of which contains only variables belonging to one of the above three sets of variables. Further, the tensorial indices for vector-type and tensor-type variables can be eliminated if we expand these variables in terms of harmonic tensors on K n , and gauge-invariant variables can be easily constructed from the harmonic expansion coefficients, as we will show below. In this way, the Einstein equations for perturbations of each type can be reduced to a set of gauge-invariant equations with a small and n-independent number of entries [1] . In particular, for tensor perturbations, this procedure gives a single wave equation for a single variable.
Stability Analysis

4D Schwarzschild black hole
In a four-dimensional background spacetime with a Schwarzschild black hole, it was shown by Regge and Wheeler [7] and Zerilli [8] that by the harmonic expansion on K 2 = S 2 and the Fourier transformation with respect to time,
, · · · , the perturbation equations for any type of perturbations can be eventually reduced to a single Schrödinger-type second-order ODE
where r * = r dr/f (r) and the master variable Φ is a combination of the harmonic expansion coefficients h ab , · · · . The effective potential V = VV for vector perturbations (axial modes) is given by the Regge-Wheeler potential
and the effective potential V = VS for scalar perturbations (polar modes) is given by the Zerilli potential
where m = (l − 1)(l + 2)(l = 2, 3, · · · ) and H = m + 6M/r. A tensor-type perturbation does not exist for n = 2.
Since the effective potentials VV and VS are positive outside the horizon (r > 2M ), the master equations for Φ have no regular and normalizable solution for ω 2 < 0. Hence, the 4D Schwarzschild black hole is perturbatively stable [9] .
Similar master equations for 4D black holes with Λ = 0 were derived by Cardoso and Lemos [10, 11] . With the help of these equations, the stability of these black holes were proved by us in Ref. [2, 4] .
Vector perturbation in higher dimensions
Now, we show that even in higher dimensions, we can find a gaugeinvariant master variable in terms of which the perturbation equations of each type can be reduced to a single second-order ODE of the Schrödinger type. We first treat vector perturbations.
Vector perturbations can be expanded in terms of vector harmonics on K n satisfying
and harmonic tensors derived from them,
as
Here, in order to guarantee the completeness of the vector harmonics, we have assumed that −D ·D is extended to a self-adjoint operator in the L 2 -space of divergence-free vector fields on K n by the Friedrichs extension. Note that k 2 V ≥ 0 in general, and for [12, 3] . For generic modes with k 2 V = (n − 1)K, we can show that the combinations
give a basis for gauge-invariant variables, where Da is the covariant derivative with respect to the metric g ab on the two-space N 2 . In contrast, for the exceptional modes with k 2 V = (n − 1)K (K = 0, 1), Vij vanishes identically and HT is not defined. Hence, we obtain a smaller number of independent gauge-invariant variables. Since we can show that these exceptional modes correspond to adding rotation with some angular momentum and are not dynamical [2] , we do not discuss them in this article.
The vacuum Einstein equations for a vector perturbation are expressed in terms of Fa as
where
It is easy to see that these equations are equivalent to
Although the effective potential VV is not positive definite for large n, as is shown in Fig.1 , we can show that there exists no unstable mode, i.e., no L 2 -normalizable eigenfunction Φ with ω 2 < 0 by the following argument, which we call the S-deformation.
Let I be the range of r * corresponding to the regular region outside of the horizon, −∞ < r * < r * ∞. Here, r * ∞ is +∞ for λ ≥ 0, but is finite for λ < 0. Then, in the space C ∞ 0 (I) of smooth functions with compact support, the operator
is symmetric. We assume that A is extended to a self-adjoint operator in L 2 (I) by the Friedrichs extension. Then, the lower bound for the spectrum of A coincides with the lower bound of
Here, for any regular function S(r) on I and Φ ∈ C ∞ 0 (I), a partial integration yields
Hence, if we can show thatṼ is non-negative for an appropriate S, we can conclude that ω 2 ≥ 0. If we apply this method to a vector perturbation using S = nf /(2r), we obtainṼ
(27)
Since mV = k 2 V − (n − 1)K is always non-negative, this implies that the black hole is stable against the vector perturbation in any spacetime dimension D = n + 2 ≥ 4, irrespective of the values of K and λ.
Scalar perturbation in higher dimensions
Next, we consider scalar perturbations. Scalar perturbations can be expanded in terms of scalar harmonics on K n satisfying
and harmonic vectors and tensors derived from them,
Some comments are in order. First, since we are assuming that K n is complete, −△ = −D ·D has a unique self-adjoint extension in L 2 (K n ), which coincides with the Friedrichs extension and is non-negative. Second, we do not consider the zero modes (k 2 = 0), by assuming that such a mode corresponds to a variation of the parameters of the background solution. This assumption is satisfied when K n is compact and closed. Third, for K = 1, the second smallest eigenvalue is k 2 = n. For this eigenvalue, Sij vanishes. Since we can show that such modes are pure gauge [2] , we do not consider them in this article.
From gauge transformation laws of the perturbation variables, we find that the following combinations can be used as a basis for gauge-invariant variables [1] :
In terms of the gauge-invariant variable Φ constructed from these,
the Einstein equations are reduced to the single equation
The effective potential VS is given by
with U (r) = − n 3 (n + 2)(n + 1)
where x = 2M/r n−1 . We can easily see that for n = 2 and K = 1, VS is positive definite. Hence, 4D spherically symmetric neutral black holes are perturbatively stable, irrespective of the value of the cosmological constant. In contrast, VS is not positive definite for larger n in general, as illustrated in Fig.2 . Nevertheless, for K = 1 and λ = 0, neutral black holes are perturbatively stable in any spacetime dimensions, because the S-deformation of VS by 
Tensor perturbation
In the case in which K n is maximally symmetric, the only non-trivial tensor on K n is the metric γij. Hence, only the Laplacian appears as the derivative operator in the perturbation equation, and by the harmonic expansion with respect toD ·D, the Einstein equations reduce to equations on N 2 for any type of perturbation. In contrast, when K n is a generic Einstein space, the Weyl curvature couples tensor perturbations, and such a reduction cannot be achieved by the harmonic expansion. However, since the covariant derivatives and the Weyl curvature appear in the Einstein equations for tensor perturbations as the combination called the Lichnerowicz operator [12] 
we can utilise the eigentensors of△L,
Tensor perturbations can be expanded in terms of these eigentensors as
HT is gauge-invariant by itself, and the Einstein equations are reduced to
In terms of Φ = r n/2 HT ,
this equation is rewritten in the canonical form
Note that this equation holds for any f (r), if the background metric takes the form (2). For f (r) given by (4), (47) can be written as
When K n is maximally symmetric, λL is related to the eigenvalue k 2 T of −D ·D by λL = k 2 T + 2nK, and λL − (3n − 2)K = (l − 1)(l + n) > 0 for K = 1. Hence, VT > 0 and the black hole is stable against the tensor perturbation.
In contrast, when K n is a generic Einstein space, no general lower bound for λL is know, and generalised static black holes can be unstable against a tensor perturbation [12] .
Extension to Charged Black Holes
The extension of the formulations by Regge-Wheeler and Zerilli to ReissnerNordström black holes was done by Moncrief, Zerilli and Chandrasekhar [13, 14, 15] , and used to prove their stability. In the charged black hole case, we have to take into account perturbations of electromagnetic fields, which couple metric perturbations non-trivially. However, by taking appropriate linear combinations of variables describing these perturbations, the perturbation equations for the Einstein-Maxwell system can be reduced to decoupled master equations, each of which is a single second-order ODE of the Schrödinger equation type. Now, we show that such a reduction is also possible in the case of higher-dimensional static black holes with charge, and discuss their stability [3] .
We assume that an background spacetime is again locally written as M n+2 ≈ N 2 × K n , and the metric is given by (2) with (3). We further assume that the electromagnetic tensor Fµν for the background EM field takes the form
Then, the Maxwell equations and the Einstein equations determine f (r) and E0(y) as
Tensor perturbation
Since the EM field does not couple tensor perturbations of the metric, the master equation for the charged case is again given by (46) with (47). If we apply the S-deformation with S = −nf /(2r) to VT , we obtaiñ
Hence, a generalised static black hole with charge is still stable against tensor perturbations, if λL ≥ 2(n − 1)K, or k 2 T ≥ −2K when K n is maximally symmetric. This condition is satisfied by black holes with flat or spherical horizons. However, the case K = −1 (λ < 0) may be unstable even if K n is maximally symmetric.
Vector perturbation
From the Maxwell equation ∇ [µ δF νλ] = 0, a vector perturbation of the EM field is expanded in terms of the vector harmonics as
Hence, a vector perturbation of the EM field is described by the single variable A(y), which is gauge-invariant by itself. For generic modes mV ≡ k 2 V −(n−1)K = 0, in terms of A and Fa, the Einstein equations are written as
and the Maxwell equation δ(∇νF µν ) = 0 are written as
(56) As shown in [3] , by taking linear combinations Φ± = a±r −n/2 Ω + b±r n/2−1 A with some constants a± and b±, these perturbation equations for the Einstein-Maxwell system are transformed to the two decoupled equations
The effective potentials VV ± are given by
(59) In the limit Q = 0, Φ+ and Φ− coincide with A and Ω, respectively. Hence, Φ+ and Φ− represent the EM mode and the gravitational mode of the perturbation, respectively.
By the S-deformation with S = nf 2r
, VV ± are transformed tõ
Hence,ṼV + is always positive. However, since ∆ > (n 2 −1)M for mV > 0, VV − can become negative.
By examining the behaviour ofṼV −, we find that it is positive outside the horizon for K = 0 and K = 1, while it becomes negative near the horizon for K = −1 if λ is sufficiently close to λc−, where λc− is the lower bound on λ for a fixed value of Q when the spacetime contains a regular black hole [3] . Hence, we can conclude that a charged black hole with a flat or spherical horizon is stable against vector perturbations. However, we cannot prove the stability of a charged black hole with hyperbolic horizon by this simple method.
Scalar perturbation
A scalar perturbation of the EM field is expressed as
The expansion coefficient A is gauge invariant and obeys the equation
The Einstein equations for the scalar perturbation are equivalent to
where PS1(r) is a function of r, and
In terms of the variables Φ± written as linear combinations of Φ and A, these perturbation equations can be rewritten as the two decoupled equations
Here, the effective potentials VS± are given by 
Hence, the gravitational mode is also stable for n = 2. However, for n > 2,ṼS− becomes negative near the horizon in general (See Fig.3 ). The S-deformation used in the neutral case does not work either, because it cannot remove a negative ditch of VS− produced by the charge near the horizon. We have not been able to prove the stability for n > 2 by this method, except for some special cases.
Summary
In this article, we have discussed the stability of generalised static black holes with and without charge in higher dimensions. The results of our analysis for maximally symmetric black holes are summarised in Table 1 1 , In particular for the case of Λ = 0, we have established the stability of a spherically symmetric black hole for arbitrary dimensions, and that of of a spherically symmetric black hole with charge for D = 4 and D = 5. We have also proved the stability of 4D and 5D dS-Schwarzschild and 4D AdS-Schwarzschild black holes with charge. Although we have not succeeded in proving the stability of black holes for the other cases, there is no strong reason to suspect the instability of such black holes because the negative ditch of the effective potential is not so deep.
Finally, we would like to point out that the master equations used in this article for the stability analysis can be also used in other problems related to black holes, such as perturbative analyses of the uniqueness of asymptotically de Sitter or anti-de Sitter static black holes in four and higher dimensions, the precise determination of the frequencies of quasinormal modes and the greybody factor of the Hawking radiation, and the estimation of the gravitational wave emission rate from mini black holes, which might be produced in colliders and cosmic ray events 2 .
